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Abstract 

We introduce combinatorial principles that characterize strong compactness and 
supercompactness for inaccessible cardinals but also make sense for successor car- 
dinals. Their consistency is established from what is supposedly optimal. Utiliz- 
ing the failure of a weak version of square, we show that the best currently known 
lower bounds for the consistency strength of these principles can be applied. 
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1. Introduction 

It is a well-known theorem that a cardinal k is weakly compact if and only if 
it is inaccessible and the A'-tree property holds, that is, there are no A:-Aronszajn 
trees. By [2], the aj2-tree property can be forced from a weakly compact cardinal 
and implies 0)2 is weakly compact in L. The tree property thus captures the combi- 
natorial essence of weak compactness, even for successor cardinals. Similarly, the 
property that there is no special /c-Aronszajn tree captures the essence of Mahlo, 
see 11 (1.9)]. 

In the present work, we introduce principles JP{k,A) and SP(/c, /I) as well 
as \TP{k, A) and ISP(a:, A) that achieve the same for strong compactness and su- 
percompactness respectively. We present the ideals associated to the principles 
\TP(k,A) and ISP(a!:, i), prove the consistency of \SP(a)2,A), the strongest of the 
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principles, from a /l^'^-inefFable cardinal, and show ITP(/<:, A) implies the failure of 
a weak form of square, giving lower bounds on its consistency strength. 

Notation 

The notation used is mostly standard. Ord denotes the class of all ordinals. For 
A c Ord, Lim A denotes the class of limit points of A. Lim stands for Lim Ord. If 
a is a set of ordinals, otpa denotes the order type of a. For a regular cardinal 6, 
cof 6 denotes the class of all ordinals of cofinality 6, and cof(< 6) denotes those 
of cofinality less than 6. 

For forcings, we write p < qto mean p is stronger than q. Names either carry 
a dot above them or are canonical names for elements of V, so that we can confuse 
sets in the ground model with their names. 

The phrases for large enough and for sufficiently large 6 will be used for 
saying that there exists a 9' such that the sentence's proposition holds for all 6 > 6' . 

If /c c X, then 

P[X ■.= {xeP,X\KC\xe Ord, <jc, e) < (X, g)} 

is club. For x e P'JC we set Kx := k C\ x. For / : P^X Pi,X let CI/ := {x e 
PkX I Vz e Pi^x f(z) c x}. CI/ is club, and it is well known that for any club 
C c P,X there is an / : P^X P,X such that CI/ c C. 

If X c X', c P,X, U c P,X', then the projection of t/ to X is t/ \X:={un 
X\ueU} cP,X and the lift of to X' is R^' := {x' e P,X' \x' r\XeR}c P,X'. 

For sections [2l m and|4l k and A are assumed to be cardinals, k < A, and k is 
regular and uncountable. 

2. Combinatorial principles for strong compactness and supercompactness 

Let us call a sequence {da\a e P^A) a Pi,A-list if (i„ c a for all a e P^A. 
Definition 2.1. Let D = (da \ a e Pi,A) be a P^/l-list. 

• D is called thin if there is a club C c P^A such that \{daC\c | c c a e PkM\ < « 
for every c G C. 

• D is called slender if for every sufficiently large 6 there is a club C c P^He 
such that dMnA n e M for all M e C and aX\beMf^ P^,A% 



'Note that this definition is sHghtly weaker than the one from UJ as "for all e M n Pi^A" was 
replaced by "for all E M n P^^j /I." However, the proofs in ^ work for this weaker definition and 
the resulting stronger principle ISP just the same. 
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Proposition 2.2. Let D be a PkA-UsL IfD is thin, then it is slender. 

Proof. Let C c Pi^A be a club that witnesses D = (da \ a £ P^A) is thin. Define 
g : C ^ P,He by g{c) := {4 n c | c c a e P,A\. Let C := {M G | V& G 
M r\P^A3c £ M r\C b c c, \fceMDC g(c) c M}. Then C is club. Let 
M e C and 6 M n P^^i/l. Then there is c e M n C such that Z? c c, so 
dMnA C\b = dMnA n c n G M as dMnA n c G g(c) c M. Therefore C witnesses 
(Ja I a G Pi^A) is slender. □ 

Definition 2.3. Let D = < | a G P^^/l) be a P^^/l-list and J c /I. 

• J is called a cofinal branch ofD if for all a G P^A there is G P,^A such that 
a c Za and d O a = d^^ O a. 

• J is called an ineffable branch ofD if there is a stationary set S c P^A such 
that (i n a = for all a G 5 . 

Combining these two definitions, we can define the following four combinato- 
rial principles. 

Definition 2.4. • TP(/c, A) holds if every thin P^/l-list has a cofinal branch. 

• SP{k, A) holds if every slender P^A-li^X. has a cofinal branch. 

• ITP(/c, A) holds if every thin P^^/l-list has an inefi'able branch. 

• ISP(/c, /I) holds if every slender P^./1-list has an inefi'able branch. 

Remark 2.5. The reader should note that the principle TP(/c, k) is just the tree 
property for k. Also, if /<■ is an inaccessible cardinal, then every P^j^A-list is thin. 
Therefore 1P{k,A) and SP(/c, /I) as well as \1P{k,A) and ISP(a:, /I) are equivalent 
if K is inaccessible. Furthermore this means an inaccessible cardinal k is weakly 
compact if and only if TP(a:, k) holds, and it is ineffable if and only if ITP(a:, k) 
holds. 

Remark 2.6. The following implications hold. 

1. ISP(/c, A) implies SP(;^, .1), 

2. ISP(/c, A) implies ITP(/c, A), 

3. ITP(y^, implies 1P{k, A), 

4. SP(/c, /I) implies TP(y^, A). 
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We will see that[T]and[3]can not be reversed. For if a- is a strongly compact cardinal 
that is not supercompact, then by Theorem 12.91 SP(/c. A) holds for all A > k, but 
by Theorem 12.101 we have that ITPC/c, A) cannot hold for all A > k. This is also 
true for smaller k. One can show that the Mitchell collapse preserves SP(a:, /I). 
However, by Theorem 15.71 if the Mitchell collapse produces a model in which 
ITP(a:, A) holds, then also in the ground model ITP(a:, A) holds, so that again col- 
lapsing a strongly compact cardinal that is not supercompact yields a model in 
which SP(/c, A) holds but ITP(/c, A) fails. Furthermore implication [2] can not be re- 
versed. This follows from the fact that the forcing axiom PFA(rs) from [4] can be 
seen to imply ITP(a»2, A) for all A > 0)2- The paper also shows that PFA(rx) is con- 
sistent with the approachability property holding for a»i. It is easily seen that this 
contradicts ISP(a»2, CO2), so that in any model of PFA(rx) -i- "the approachability 
property holds for a»i" ITP(a»2, A) holds for all A> cl>2 but ISP(a>2, 0J2) fails. 

Jech ijsl] was the first to consider generalizations of the concept of a tree to 
P^f/l-lists. He gave the following characterization of strong compactness. 

Theorem 2.7. The following are equivalent. 

1 . Kis strongly compact. 

2. For every A> k, every P^A-list has a branch. 

Shortly after, Magidor |@] extended Jech's result to supercompactness with the 
next theorem. 

Theorem 2.8. The following are equivalent. 

1 . K is supercompact. 

2. For every A> k, every Pi^A-list has an ineffable branch. 

By Remark [231 we can rephrase Theorems l2.7l andl 2.8l in the following way. 

Theorem 2.9. Suppose k is inaccessible. Then k is strongly compact if and only 
if TP(a:, A) holds for every A> k. 

Theorem 2.10. Suppose k is inaccessible. Then k is supercompact if and only if 
ITP(a:, A) holds for every A > k. 

The advantage of these new formulations is that TP(a:, A) and ITP(/f, A) are not 
limited to inaccessible cardinals, as we will see in section [51 
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3. The corresponding ideals 

The principles \TP(k,A) and ISP(/<-, /I) have ideals canonically associated to 
them. 

Definition 3.1. Let A c P^A and let D = {da \ a e P^A) be a P^/l-list. D is called 
A-effable if for every 5 c A that is stationary in P^/l there are a,b e S such that 
a c b and da di,C\a. D is called effable if it is P^/l-effable. 

Definition 3.2. We let 

/rrk, /I] := {A c P^^/l | there exists a thin A-efFable P^^/l-list}, 
Iis[k,A] := {A c P^/l I there exists a slender A-etfable PitA-list). 

By Fit[/c, /l] and Fis[k, A] we denote the filters associated to In[K, A] and Iis[k, A] 
respectively. 

Note that \JP(k,A) and ISP(a:, /I) now say that Iij[k,A] and Iis[k,A] are proper 
ideals respectively. By Proposition 12 . 21 we have Iit[k, A] c /is[a:, A]. 

Proposition 3.3. Iit[k, A] and /is[/c, A] are normal ideals on P^A. 

Proof. Suppose D c P^A and ^ : D — > /I is regressive. Set A-,, := g~^"{y}. Let 
/ : /I X /I — > /I be bijective, and define /q., : A ^ Ahy fa^iao) '■= f{ao,ai). We 
show that if Ay e In[K, A] for all y < A, then D e In[K, A], and that if Ay e /is[/c, A] 
for all y < A, then D 6 /is[/c, /I]. 

In the thin case, that is, if Ay e Iit[k, A] for all y < A, let (dj, \ a e P^A) be a thin 
A-^-effable P^A-list for y < /I. Let c P^/l be a club witnessing (dJ, \ a e Pi,A) is 
thin. Set C := Ay<^}C^. We may assume that for all a e C and all oro, «i < ^ 

fictQ, Qfi) e fl q;o> Qfi 6 a. (1) 

For a e C n D set 

and set da '■= for a e P^/l - (C n D). If c 6 C and a e C n D are such that c c a 
and ^(a) ^ c, then 

J« n c = 0. (2) 

For if g(a) t c, then by ([B we have Pic = f'g[a)d-f"^^c c rng /g(„) Pic = 0. Thus for 
fixed c 6 C we have {(i„nc I c c a e CnD} c {/"4^nc|y e c, c c a e Cr\Ay}U{Q}. 
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For 7 e c we have c e and thus, as C witnesses {d^a I ^ ^ P^/l) is thin, 
\{d], n c I c c a e C n Ay}| < k. Therefore \{da n c | c c a e P^/l}! < k, which shows 
{da\a e P^A) is thin. 

If Ay e Iis[k, A] for all y < A, let (dl \ a e P^A) be a slender Ay-effable Pi,A-Yi%i 
for 7 < /I. Let c P'i^Hq be a club witnessing (Jj | a e P^A) is slender, where 
is some large enough cardinal. Set C := Ay<,}C^. We can again assume that for all 
M e C and cui < A f(ao, ai) e M <r^ ao,ai e M. In addition, we may require 
that 

{M,e,f \(MxM))<{He,e,f) (3) 

for every M e C. As above we define da := fgla)da"^ for a e (C \ A) n D and let 
da '■= Otherwise. By the same argument that led to ©J we have 

danb = (D (4) 

ifbe Pi,A, a e (C \ A) n D, b a a, and g(a) i b. To show (J^ | a e P^A) is slender, 
let M e C and e M n P^^A. Set a := M n /I. If M ^ D, then daC^b <z da = ^ e M, 
so assume M e D. Then daf^b = f^'^jf^ nb = f'^ayidf"^ H /^"^/'Z^). If ^(a) ^ Zp, 
then by dH) Jo n = e M, so suppose ^(a) e Z?. Then fg(l"b = Z?, so by the 
slendemess of {df'^ \ a e P^^A) we have df^^nf^^^^b e M. Thus, as g(a) ebcM, 

by m da nb = f';^^^{df^ n f-^;'b) e M. 

In both cases we arrived at a P^/l-list (J,, | a e P^/l) such that for a club C c P^/l 
that is closed under / and we have 

^ _ f" M(a) 
"fl - Jg{a)'^a 

for every a e C n D, and (i„ = for a e P^/l - (C n D). Suppose that D i Iw\_k, /I] 
for the thin case or D ^ hslx. A] for the slender case. Then there are S <z C D D 
stationary in P;,A and d <z A such that da = dCia for all a e 5 . Since g is regressive 
we may assume S c Ay for some y < A. But then for d := fy^"d and a e S it 
holds that 

dl = fy'"fydl = fy-'"da = f;'" (d H a) = fy'"d n f-'"a = dna, 

contradicting (dl \ a e P^/l) being effable. □ 

It is standard to verify that if ^1 < A', then Iij[k, ^] c {A' \ A\A' e Iit[k, A']} 
and hslK, A] a {A' \ A\A' e Iis[k, A']}. This implies the following proposition. 
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Proposition 3.4. Suppose A < A'. Then ITP(/c, A') implies ITP(/c, A), and ISP(/c, A') 
implies \S)P{k, A). 

It is easy to check cof oj r\ k e Iyi[k,k\. The following theorem is the two 
cardinal analog of this observation. 

Theorem 3.5. Suppose ci A> k. Then 

{a e P^/l I Lima n cof a» c a} e Fyy{k, A]. 

Proof. Let A := {a e P^A | 3r]a e Lim a - a cfr]a = a)} and for a 6 A let T]a be a 
witness. For 6 e cof oj r\ Alet {d^ \ v < ts) be an enumeration of {d c 6 \ otp d = 
CO, sup J = 5}. For a e P^A and 6 e Lim a n cof oj let 

:= min{v < ts \ sup(J^ r\a) = 5]. 

For a e A set 

4 := d\ n a, 

and for a e P^A - A let da '■= 0. 

Then {da \ a e P^A) is A-effable, for suppose there were a cofinal U c A and a 
J c /I such that da = d r\ a for all a e U. Let a e U. Since cf /I > a: there exists 
b e U such that a U Lim a G b. But then otp(Jfo n a) < cu, contradicting dhHa = da- 

{da\a e Pi,A) is also thin, for let a e P^/l. Let 

Ba '■= {d^s C\a\6 e Lima Pi cof a»} U P^a. 

Then \Ba\ < k. Let b e A with a G b, and suppose db r\a i P^a. Since a <z b,we 
have < for all 5 e Lima n cof a;. Because IJ/, n a| = a» we also have that 
d\ n a = Jfo n a is unbounded in 77^. Therefore vl'' < y^*, so that vl'' = v^'. But 

this means dhC\a = d\ n a e 5„. □ 

When /c is inaccessible, the filter Fit[/c, A] has some additional simple but help- 
ful properties. These will be used in section [51 

Proposition 3.6. Let k be inaccessible. Then 

{a G P[A I Ka inaccessible} e Fu^k, A]. 
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Proof. As K is inaccessible, {a e P^/l | Ka strong limit} is club. So it remains to 

show A := {a 6 P'^^A \ singular} e In[K, A]. Suppose A i Iyi\k, /I], and for a e A 
let c a be such that supj^ = aTq, otp = cf /Ca. Then there exists a stationary 
5 c A such that = n a for all a e 5 . We may assume Ka = S for some 6 < k 
and all a G 5 . But if a, & e 5 are such that a c b and Ka < Kb, then otp db > S, a 
contradiction. □ 

Proposition 3.7. Let k be inaccessible. Let g : P^A — > P^/l. Then- 
la G I Vz G P,„fl g(z) C fl} G Fy,[k, A]. 



Proof. Suppose not. Then 

B:={a€ P'J I 3za e P.,a g(za) <ta}t hAK, A]. 

So let 5 (z B be stationary and z o Ahe such that = z n a for all a g 5 . For all 
a G 5 we have fia '■= \Za\ < ^a, so there are a stationary 5" c 5 and k such that 
fia= l-i for all a G 5". 

Suppose |z| > fi. Then there is )^ c z such that \y\ = jjt < k. But S" := {a G 
5' I )^ c fl} is stationary and for every a e S" we have Za = zC\aZiyC\a=y, 
which implies /u = /Ua = \Za\ > \y\ = A*^, a contradiction. 

Since S" is cofinal, there is an a G S" such that z U g(z) c a. But then Za = 
z n a = z and g(Za) = g(z) c a, so that a ^ B, contradicting S' c B. □ 

4. The failure of a weak version of square 

We define a weak variant of the square principle that is natural for our appli- 
cation. It is a "threaded" version of Schimmerling's two cardinal square principle 
that is only defined on a subset E of A. 

Definition 4.1. A sequence {Ca I en G Lim n £ n A) is called a HsiK, A)-sequence 
if it satisfies the following properties. 

(i) < \Ca\ < K for all a G Lim HE nA, 

(ii) C c or is club for all a G Lim f) E n A and C G Ca, 

(iii) C n ;S G Cj8 for all a G Lim r\Er)A,CeCa and G Lim C, 

(iv) there is no club D (Z A such that D n 5 G Q for all (5 G LimD r\ E n A. 
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We say that □£(/<:, A) holds if there exists a □^(a', /l)-sequence. D{k, A) stands for 

Note that □^^<^ implies D{k, t+) and that D{A) is 0(2, A). 

Theorem 4.2. Suppose cf A > k and Dcof(<K)(K, A) holds. Then -iITP(a:, A). 

Proof. Let A := {a e P^A \ Lima n cofw c a}. By Theorem 13 .51 A e Fn:[K,A]. 
So it remains to show A 6 /it[/<', A]. We may assume sup a ^ a for all a e A. Let 
(Cy I y e Limricof(< K)r\A) be a □cof(<,f)(A:, /l)-sequence. Fory 6 Limncof(< K)r\A 
let Cy e Cy, and set da '■= Csupa n a for a e A, otherwise da '■= 0. Then, since 
Lima n cof ct> c a, 

supJa = sup a (5) 

for every a e A. 

{da I a G P^/l) is thin, for let a e P^A. Set 

Ba := {(C n a) U /z I 3?7 e Lima C eC,^, he P^a] U P^a. 

Then < k. Let b e A, a G b, and suppose dbC\a i Pa,a. Let := maxLim((ifo n 
a). Then rj e Lim Csupz^, so there is a C e C;, such that J/^Pi?/ = Csuph^bCirj = CnZ?, 
so J^nariT/ = Cna. Since IJ^Pia-T/l < (x>, this means (i^na = {Cr\a)D(dhna-T]) e 

{da \ a e Pi,A) is also A-efFable. For suppose there were a cofinal U <z A and 
d <z A such that <ia = J n a for all a e U. Then J is unbounded in /I by ([5]). Let 
6 6 LimJ n cof(< k) n /I. We will show dr\6 e Cs, which contradicts the fact that 
{Ca I a 6 Lim n cof(< k) n /I) is a □cof(<,f)(A:, /l)-sequence, thus finishing the proof. 
For every a e U such that 6 e Lim(J n a) we have Cgupa C\ a = da = d C\ a, and 
thus 5 6 LimCsupa, so that there is a Q e such that JPian^ = Ca C\ a. But 
since IC^I < k, there is a cofinal U' c {a e U \ 6 e Lim(J n a)} such that Ca = C 
for some C e Cs and all a e U'. But then we have dnSOa = C Da for all a e t/', 
which means d r\ 6 = C e Cs. □ 

As a corollary, we get a well-known result originally due to Solovay 

Corollary 4.3. Suppose k is supercompact. Then -iDcof{<K){K, A) for all k < A with 
cf A> K. In particular -^\3{A)for all A> k with cf A> k. 

Proof. This follows directly from Theorem 12.101 and Theorem l4.2[ □ 
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5. Consistency results 

Definition 5.1. Let V QWhe a pair of transitive models of ZFC. 

• (V, W) satisfies the /i-covering property if the class Pj^V is cofinal in P^V, 
that is, for every x e W with x G V and \x\ < jx there is z e Pj^V such that 

X (ZZ. 

• (y, W) satisfies the //-approximation property if for dX\ x e W, x <z V, it 
holds that if x n z 6 V for all z e Pj^V, then xeV. 

A forcing P is said to satisfy the /i-covering property or the //-approximation prop- 
erty if for every V-generic G c P the pair {V, V[G]) satisfies the //-covering prop- 
erty or the //-approximation property respectively. 

The following theorem was originally discovered by Mitchell f^. We cite 
where it is presented in the more modem way we use. The reader should note we 
use the convention that conditions are only defined on their support. 

Theorem 5.2. Let k be inaccessible, t < k be regular and uncountable. Then 
there exists an iteration (P^ \v<k) such that forcing with P^ preserves all car- 
dinals less than or equal to t, W-,, k = r"^ and for 77 = and every inaccessible 
rj < K 

(i) P;, is the direct limit o/(Py \ v < rj) and rj-cc, 

(ii) if P^ = P,, * Q, then Q satisfies the toi-approximation property, 

(iii) for every v < 7/, Py is definable in Hr, from the parameters r and v, 

(iv) P;, satisfies the toi-covering property. 

The next is a standard lemma which we will need. 

Lemma 5.3. Let k> cobe regular, P^ be the direct limit of an iteration (Py \ v < k). 
Suppose is k-cc. Let p and x e V^' such that p \\- x e Pi,V. Then there is 
p < K such that p \\- X e V[Gp]. 

Recall from [5] that k is called A-ineffable if every P^/l-list has an ineffable 
branch. 

Theorem 5.4. Let k, A be cardinals, r regular uncountable, t < k < A, and 
(Py \ V < k) be an iteration such that for all inaccessible r] < k 

(i) P;, is the direct limit o/(Py \ v < tj) and rj-cc. 
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(ii) if = * Q, then \\-yi Q satisfies the <jj\-approximation property, 

(iii) for every v < 77, Py is definable in from the parameters t and v, 

(iv) P;; satisfies the co [-covering property. 

Suppose K is X"^" -ineffable. Then ||-^ ISPC/c, X). 

Proof. Let G c P^ be V-generic and work in V\G]. Let {da\a e P^A) be a slender 
PitA-list, and let C c P^Hg be a club witnessing the slenderness of {da \ a e P^A) 
for some large enough 6. 

For X e P^A by Lemma [53] there is < k such that x e V[GpJ. Thus 
C := [M e C \ \lx & P,A (^ M & M] h such that P,Af\M a V{G,J for all 
MeC. 

Let cr := (i^*^)^. Let M e y be such that M < H^, AUP^Ag M, \M\^ = a. 
Let Co := C f M. Since P^ is a:-cc, there is a Ci 6 V such that C\ c Cq and 
y h Ci c P^M club. 

Let 

£■ := {M G Ci I T < /Cm, /cm inaccessible in V, P^fCM n c M\. 
Claim 5.4.1. //M e E, then dunx e ^[G^m]- 

Proof. Let z 6 /'^['^"'^^M n /I). P^,^ satisfies the ct>i-covering property by (Ev]), so 
there is e n such that z<Gb. Let M' e C be such that M = M' n M. 

Then b e M c M' . Therefore, by the slenderness of {da \ a e P^A), dMnA b = 
dM'nA<^b e P.AnM' c V[G,^,] = V[G,J and thus Jmh^ Hz = dunAr^bni e V[G,J. 

Let P^ = P^^ * Q. Then Q'^'m satisfies the a»i-approximation property by dul), 
so since z was arbitrary we get dMnA e V[G^„]. H 

For M e Ewe have c M by (0) and dml). By ClaimlSAT] there is g V^'m 
such that j^'" = ^i?Mni- Let 

Dm ■= {{p,a,n) \ p e F^^, a e MDA, (n = OAp |Km « ^ dM)y{n = lAp |Km a e d, 

Then (Dm | M e e V and Dm c M. 

Work in V. Let / : M — > cr be a bijection. \i A > k, additionally choose / 
such that / f /<■ = id f /c. If a: = /I, then [M e Ci\ f'M = km) is club, and we may 
assume it is Ci. By Propositions 13 .61 and 13 .71 

F := {m e P'^a \ k,,, inaccessible. Prim n f"A) c m} e FuIk, cr]. 
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As K is cr- ineffable, there exist a stationary S' a F and d' <z cr such that f"Dj-\"^ = 
d' r\m for all m G 5' such that f~^"m e E. But E = {f~^"m | m e F} n Ci by 
our choice of / or the additional assumption on C\, so for S := {f~^"m \ m G 
5' n F} n Ci and for D := f~^"d' we have Dm = ^ n M for all M e 5 . 
Back in V{G], let T := S M and 

d := {a < A\3p e G {p,a,\) ^ D}. 



Claim 5.4.2. If a e T, then da = d Cia. 

Proof. If a e T, then a = M Ci A for some M e S . But then for or e a, if 
a e da = dMnA = dj^^" , then there is p e G,,^ such that p ||-^^^ a e Am- Thus 

a,l) e Dm = D D M, so that a e <i by the definition of d. 

By the same argument, if a i da, then aid. H 

r is stationary in V, so it is also stationary in V\G] since is k-cc. Therefore, by 
Claim 15. 4.21 {da\ae P^A) is not effable. □ 

Note that if k is /i-ineffable and cf A> k, then by [9] it follows that A"^" = A. So in 
this case. Theorem 15.41 shows ISP(a:, A) is forced from the more natural condition 
that K is /l-ineffable. 

Corollary 5.5. If the theory ZFC + "there is an ineffable cardinal" is consistent, 
then the theory ZFC + ISP(tt>2, 0J2) is consistent. 

Proof. Taking t = coi, this follows immediately from Theorem 15 .21 Theorem 15 .41 
and Remark [231 □ 

Corollary 5.6. If the theory ZFC + "there exists a supercompact cardinal" is con- 
sistent, then the theory ZFC + "ISP((x»2, A) holds for every A> CO2" is consistent. 

Proof. This follows from Theorems 15. 2115. 4[ and 12. 101 □ 

In Corollaries 15.51 and 15. 6[ 0*2 only serves as the minimal cardinal for which the 
theorems hold true. One can of course take successors of larger regular cardinals 
instead. 

It is worth noting that, when using the Mitchell forcing from Theorem 15. 2[ 
Corollary 15.61 and, when cf A > k. Theorem 15.41 were best possible, as shows the 
next theorem. Its proof can be found in 111, Theorem 2.3.5] or [llOn . where similar 
"pull back" theorems are used in a more general setting. 
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Theorem 5.7. Let V <zW be a pair of models of ZFC that satisfies the K-covering 
property and the T-approximation property for some t < k, and suppose k is inac- 
cessible in V. Then 

which furthermore implies 

So in particular, ifW\= \1P{k,A), then V \= \1P{k,A). 

We proceed to give lower bounds on the consistency strength of our combina- 
torial principles. We first consider the one cardinal variant, showing Corollary 15.51 
was best possible. 

The next lemma is usually only given in its weaker version where k is required 
to be weakly compact. 

Lemma 5.8. Suppose k is regular uncountable and the tree property holds for k. 
Let A c /c. If A n a e Lfor all a < k, then A e L. 

Proof. Let 6 := k + oj. By ^ Proposition 5.3], k is inaccessible in L[A]. By the 
usual argument, oneproves there exists a nonprincipal /c-complete ultrafilter U on 
P^f^l/c n Ls[A], see [0, Proof of Theorem 5.9]. Let M be the transitive collapse of 
the internal ultrapower of Ls[A] by U, and let j : Ls[A] — > M be the corresponding 
embedding. Then j has critical point k. As L^[A] \= V = L[A], we have M \= V = 
L[j(Ay], so M = Ly[j(A)] for some limit ordinal y > 6. It holds that Ls[A] \= 
Va < /<■ A n or e L, so Ly[j(A)] |= Vc < j{K) j{A) n c e L, so in particular 
Ly[j{A)] \=A = j{A) r\KeL. Therefore really A e L. □ 

Theorem 5.9. Suppose k is regular and uncountable. If \1P{k, k) holds, then L |= 
K is ineffable. 

Proof. Again by f^. Proposition 5.3], k is inaccessible in L. 

Let {da \ a < k) e L. Then {da Ci fi \ a < k) c P^fi. So (da \ a e P^A), where 
= if a ^ K, is thin as \P^/3\ < k. Thus by ITP(/c, k) there is a J c /c such that 

da = d Ci a for stationarily many a < k. This also means d Ciy e L for all y < k. 

Therefore J e L by Lemma 15^ Since {a < k \ da = d C\ a) e Lh also stationary 

in L, the proof is finished. □ 



13 



The best known lower bounds for the consistency strength of ITPC/c, A) are de- 
rived from the failure of square. The following theorem is due to Jensen, Schim- 
merling, Schindler, and Steel [illil . 

Theorem 5.10. Suppose A > cot, is regular such that rf < A for all rj < A. If 
-■□(/I) and -iDi, then there exists a sharp for a proper class model with a proper 
class of strong cardinals and a proper class ofWoodin cardinals. 

Corollary 5.11. The consistency of ZFC + "there is a K^-inejfable cardinal k" 
implies the consistency of ZFC + "there is a proper class of strong cardinals and 
a proper class ofWoodin cardinals." 

Proof. If K is /c^-ineffable, then it is inaccessible and thus t]'^ < k for all t] < K.By 
Proposition [Ml ITP(/<-,/c) holds. By Theorem g^l ITP(/c,/c) and ITP(/c,/c-+) imply 
-■□(a:) and -in(/c^), so by Theorem lS. lOl there is an inner model with a proper class 
of strong cardinals and a proper class of Woodin cardinals. □ 

Corollary 5.12. Suppose k is regular uncountable and A> oj^ is such that cf A> 
K and Tff < A for all rj < A. If ITP(a:, A'^) holds, then there exists an inner model 
with a proper class of strong cardinals and a proper class ofWoodin cardinals. 

Proof. This follows from Proposition 13. 4[ Theorem 14.21 and Theorem lS. 101 □ 



6. Conclusion 

The reader will have noted that one could also define principles corresponding 



to /l-almost ineffability. However, by [|l2n /l-ineff"ability and /l-almost ineffability 



both characterize supercompactness, so that considering these principles does not 
seem to give any new insights. 

The main motivation behind the principles we considered is of course the quest 
for an inner model for a supercompact cardinal. So far the most interesting applica- 
tions of the principles can be found in [fioll . which shows the following. Suppose 
K is an inaccessible cardinal and P is an iteration of forcings of size less than k 
that takes direct limits stationarily often. If P forces PFA and k = 0)2, then k is 
strongly compact. If P is additionally required to be proper, then k is necessarily 
supercompact. As this is the only known means of constructing models of PFA 
from large cardinal assumptions, it gives strong heuristic evidence on the lower 
bound of the consistency strength of PFA. 
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